We have shown that the non-Abelian spin-orbit gauge field strength of the Rashba and Dresselhaus interactions, when split into two Abelian field strengths, the Hamiltonian of the system can be re-expressed as a Landau level problem with a particular relation between the two coupling parameters. The quantum levels are created with up and down spins with opposite chirality and leads to the quantum spin Hall effect. 
The surprising prediction of spin Hall effect (SHE)i.e generation of a dissipationless quantum spin current perpendicular to the charge current at room tempearture in conventional hole-doped semiconductors [1] has evoked a lot of interest in the investigation of spin physics in different contexts. In recent times, instead of charge of an electron, the electron spin is used for information procesing and storage and hence the study of spin related physics in semiconductors have potential application in information industry and has become an emerging field of research in the area of condensed matter physics [2, 3] .
The SHE was found to be intrinsic in electron systems with substantial spin orbit (SO) coupling and the spin Hall conductance has a universal value [4] . In a two dimensional electron gas with Rashba (RSO) and Dresselhaus (DSO)types of spin orbit interaction, the spin Hall conducatnce has a close relation to the Berry phase of conduction electrons [5] . It is known that the Rashba and Dresselhaus spin orbit interactions in a two dimensional semiconductor heterostructure can be treated in terms of the SU(2) non-Abelian gauge field [6] . The non-Abelian gauge field associated with these SO interactions gives rise to an effective magnetic field which is responsible for the rotation of the spins. The spin current arising out of these RSO and DSO have been studied in terms of the nonAbelian gauge field by several authors [6, 7] . Besides, quantum spin Hall effect(QSHE) is predicted in the conventional semiconductors in the absence of any external magnetic field [8] . In semiconductors, the presence of strain gradient creates the degenerate Landau levels by the spin -orbit coupling. In the present note, we predict fractional quantum spin Hall effect (FQSHE) in conventional semiconductors for a particular relation between the coupling strengths of RSO and DSO. The Hamiltonian of a 2DEG with both types of spin orbit interaction can be mapped to the Hamiltonian of a Landau-analogue problem with a particular constraint. The system segregates all up and down spins in two different layers. It is found that the chiral states are with up spin and anti-chiral states are with spin down. The spin Hall conductance is finite and qunatized in unit of e/4π in each state.
The spin Hall conductivity can be computed in terms of the spin Berry phase acquired by the rotation of the spin eigen states in a closed path.
In two dimensional (2D) semiconductors, the spin-orbit interaction can be described in terms of two contributions to the model Hamiltonian. The standard Hamiltonian for the two dimensional sample with two types of spin orbit coupling is given by (in c = = 1 unit)
where as usual k 2 = k x 2 + k y 2 denotes the kinetic energy term. The second term, namely the Rashba term [9] H R = α(σ x k y − σ y k x ) comes due to the inversion asymmetry of the confining potential and the third term H D = β(σ x k x − σ y k y ) is the linear Dresselhaus coupling resulting due to the bulk inversion asymmetry [10] . The coefficient α is tunable by adjusting the external gate voltage and the coefficient β is determined by the semiconductor material and the geometry of the sample. σ i are the usual Pauli matrices. It is known that the Hamiltonian H can be diagonalized exactly. The eigenstates are of the
where λ = ±1 is the band index and
The corresponding eigenenergy is given by
where It is also observed [6] that the Hamiltonian (1) can be expressed in terms of an SU (2) gauge potential as (in unit c = = 1)
This Hamiltonian is analogous to that of a charged particle in a uniform magnetic field.
In this case, the effective vector potential A is spin dependent and the components are given by
The effective charge corresponding to the couplings are respectively given by θ = 2mα andθ = 2mβ which have been absorbed in the SU(2) gauge potential A. In terms of this spin dependent gauge field in two dimensions, we can define a two component spin dependent field strength as
Here,
represents the ef f ective magnetic field but correponds to an Abelian field strength. We may mention here that for α 2 > β 2 , B z+ is positive and B z− is negative. The situation is opposite for α 2 < β 2 . It may also be noted that the magnetic field B z± in the ±z-direction is equivalent to an electric field in the in-plane
The splitting of the non-Abelian gauge field strength in (7) results to the Abelian gauge potential A whose components satisfy the relation
The choice of symmetric gauge enables us to write this Abelian vector potential as
Let us now construct a Hamiltonian with the Abelian gauge potential as,
where
with A + = −A − and is given by eqn. (8) and (9) . Our Hamiltonian (10) is exactly equivalent to the usual Hamiltonian of a charged particle in an uniform magnetic field, where the two different spin directions experience the opposite directions of the ef f ective magnetic f ield. Since, [H, σ z ] = 0, the states are characterized by the spin in the zdirection. This system of 2DEG with an Abelian potential maps to harmonic oscillators when discrete energy levels are the Landau levels. The Hamiltonian (10) is expressed as
where H ↑ (H ↓ ) represents the Hamiltonian of spin up(down) electrons and the corresponding gauge potentials are A + (x, y) and A − (x, y) which are given by (9) The explicit forms of the Hamiltonian H ↑,↓ is given by (omitting the suffix z)
(−y, x, 0) and B = 2m
corresponds to the state with up spins (down spins). The scenario is opposite for the
Now in an amazing way we can show that these states actually correspond to the Bloch states | + k > or | − k > of our system which is really interesting.
The Hamiltonian (1) or (5)involving the non-Abelian gauge potential A can be recast into a Hamiltonian (10) with the Abelian gauge potential A for a specific spin direction provided the eigen energy value of both the Hamiltoians are identical.
The energy eigen value of the Hamiltonian (10) for any specific direction of spin is given
where B = 2m 2 (α 2 − β 2 ). We have already mentioned that the energy corresponding to the Hamiltonian (1) is given by
with λ = ±1.
For the lowest Landau level(n=0) and band index λ = ±1, both the eigen energies will equate if
where B = 2m 2 (α 2 − β 2 ). We designate E + for α 2 > β 2 and E − for β 2 > α 2 . Neglecting the terms of order O(4) of α and β, we find that the relation (16) is satisfied for both E + and E − , with the constraint
Eqn.(17) infers that for a specific heterostructure (i.e. for a fixed β), and for a wave vector k dependent α, the Hamiltonian (1) or (5) with the non-Abelian gauge potential A and the Hamiltonian (10) with the Abelian gauge potential A can be made to have equivalent energy eigevalues. It is presumed that the wave vector dependendent electric field E may generate the wave vector dependent Rashba coefficient.
In this specific set up, with α, β and k satisfying relation (16, 17) , it is found that the Hamiltonian (5) involving the non-Abelian gauge field can be recast in the form of eqn. (10) which can be explicitly written in the form of eqn. (13) . The Hamiltonians H ↑ and H ↓ correspond to Hamiltonians of two opposite spin orientations. It is interesting to note that, in a conventinal semiconductor with both types of spin orbit coupling term a situation may arise which is analogous to that of Landau quantization. The Landaulike situation is predicted in the absence of any external magnetic field or without the presence of any strain gradient [8] . Our analysis suggets that a 2DEG with both RSO and DSO coupling strength will resemble a bilayer system where the two layers are placed together for a specific α − k relation with a fixed β . From eqn. (13) we note that for Another interesting point to be noted here is that the | ↑> and | ↓> states represents the Bloch states | + k > and | − k > respectively i.e. we have arrived at the positive and negative helicity states. For E − (i.e. α 2 < β 2 ), the whole scenario will be just reversed.
As the two layers are placed together, we will have finite spin conductance, though the total charge Hall conductuvity will be vanishing. The total spin Hall conductance will be quantized in unit of e 2π
.
In analogy with the charge Hall conductivity, some characteristic features of spin
Hall conductivity may also be understood through the Chern-Simons Landau Ginzburg theory [11] . It is noted that the Hamiltonian describing the RSO and DSO coupling is Tinvariant and P-breaking. However, the transformed Hamiltonian depicting the Landau level structure is both P-and T-invariant. Moreover, it is noted that within the bilayer the many body wave function [8] 
is symmetric under the interchange of u i , the up spin coordinate and w * i , the down-spin coordinate. This reflects the spin-up-chiral and spin-down-antichiral symmetry leading to the double Chern-Simons theory [12] . If the fields associated with the chiral and antichiral states (or the left and right movers of the theory) are given by f µ and g µ then the low energy double Abelian Chern-Simons action of the spin Hall liquid is given by
The Chern number ν ± is the filling factor of the corresponding states. As one can put a spin-up or spin-down electron in the system with same probablity we may consider ν + = ν − . This is the U(1) ν × U(1) ν Chern Simos theory [12] . The action (19) may be utilised to derive the fractional charge and statistics of the quaiparticles. The Berry phase Γ obtained by the rotation of the eigenstates (chiral and anti-chiral) around a closed loop can be used to derive the filling factor ν through the relation [13] . In the bilayer system, for the two layers placed together, the spin Hall conductivity is quantized in unit of 2 e 4π [8] . Explicitly, we may write the spin Hall conductivity as,
Finally, we intend to analyse the present framework in an external magnetic field.
Application of an external B-field to a system of 2DEG with both RSO and DSO couplings reveals a vertical spin eigenstate and the spin separation is acheived by both the SU (2) gauge asociated with RSO and DSO intearctions as well as the U(1) gauge related to the chirality of the external B ext -field [16] . In our case, due to the splitting of the SU (2) gauge into U(1) × U(1) gauge, we see that for a particular condition eqn. 
